Solution Bonn Integration Bee 2024

Semi Fineale 1

In(si
Integral: /D(L;”C)dx
cos? x

Solution: Using Integration by Parts we get

/M = tan(x) In(sin(x)) — / n(x )Cos(xi

cos? x

= tan(x) In(sin(x)) — x.

1

e
2] Integral: | ——d
ntegra /0 2024 — cosx

Solution: Substitute f = tan (g) with dx -2

1-t2
yrinkpT and cos(x) = o then the Integral is

2) — (1 — 2 - 2
o 2024(1+2)—(1—-1¢32) o 2025 B 2023
2025

Tt

V2025 - 2023

s

2 COS X
3] Integral: | ——2X 4
ntegra /0 9 —sin(2x) *

Solution:

3 coS X % cosx +sinx —sinx

/ ——dx = / - o dx

o 2 -—sin(2x) o 14 (sinx —cosx)

H sin x
—dx

/ 1+ 22 /0 2 — sin(2x)
T 3 cosx i

T2 o 2—sin(2x)

by substituting x Wlth — —x. So the Integral equals

wl:]
&~

MI)—*

ud

1

6
Integral:/0 P

Solution:

dx

4 1 4
6 6 cosx
dx = dx
A COS X o cos?x

31 In3
dt = =2,
/0 1—¢2 2

and with f = sin x this becomes

X
Integral: / g dx

Solution: Do Integration by parts to get

tan(x)x — / tan(x) dx = tan(x)x + In(cos(x)).
1
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2
xe*

@ Integral (Tiebreaker): / m dx

Solution: Substitute z = e** then the Integral becomes

1 1 iz 11 (1—2
-~ dz=ZTn
2z2+2z-3 8 3+z

).
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Semi Finale 2
Integral: / sin(x) cos(x) In (sin®(x) — cos’(x)) dx
Solution:
/ sin(x) cos(x) In (sin? (x) — cos®(x)) dx = / }1.4sm(x)cos(x)1n(1—2c032(x))dx.
Substituting t = 1 — 2 cos?(x) gives
/ }lln(t)dt - it(ln(t)—l)

= i(l —2cos?(x))(In(1 = 2 cos?(x)) = 1).

Integral: / / e™3¥ cos(xy) dx dy
o Jo

Solution: cos(x) = Re(e™*Y) so the integral equals

Re/ e~ eV dx d =/ Re d
'/0 0 Y 0 3-1y Y
-
=5
(3] 1 1 P
t : _—
nhegra ./0 cos3(x)
Solution:
5 CcoS X B 1
——dx = —dt
/0 cost x a ‘/0 (1-12)2
_/5 (N SR IR
S Jo A +t) 41 +1)2 40 -t) 41 —t)2
=1+1n(3)
3 4

using the Substitution ¢t = sin x.

“1+1 Z+x+1
Integral: ‘/1 n(x) LT dx

x x2+1
e

Solution: Substituting % yields

e 2 e _ 2
/ ln(x)'x +x+1dx=/ 1n(x).x +x+1dx

1x x2+1 x xZ2+1

e

so the Integral becomes

‘1 x2+x+1dx_ 61+ 1 i
15 x2+1 I L=

e e
= 2 + arctan(e) — arctan(1/e).

el

Integral: / x arccos(x) dx
0
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Solution: Substituting x = cos(t) using 2 sin(f) cos(f) = sin(2f) and using integration by Parts we get

n

vz
/ x arccos(x) dx = / —t sin(t) cos(t) dt
0 n

2

i
=/ ——tsin(2t) dt
I 2
i1
—/ §COS(2t)dt.
g

1
= Z_Lt cos(2t)|

[NERVIE]

2

@ Integral (Tiebreak): / X3 dx
0

Solution:
00 2 00 2
x20 dx = ez dx
0 0
_
5"
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Determination of the third place

Integral: /xarctanQ(x) dx

Solution:
2
t
/ x arctan®(x) dx :% arctan®(x) — / xQ%I;(;) dx
2 t
- arctan®(x) — arctan(x) dx — M dx
2 14 x2
x? 2 1 2y _ 1 2
iy arctan®(x) — (arctan(x)x ot In(1+ x°) — 5 arctan (x))
2+1 1
= ) arctan’(x) — arctan(x)x + 5 In(1 + x?)
Zu / arctan(x) dx:

/ arctan(x) dx = / 1 - arctan(x) dx = x arctan(x) — / IJ:C—xQ dx = arctan(x)x — %ln(l +x2).

Integral: / (e’x% — g’x%)dx
0

Solution: The substitution t = 1/x? yields

o ~ 1 [ p=2t _ p-8t
/ (eé—efa)dx:-/ I
0 2 Jo t\/f

1 [>1 [
== — e " dudt
i)

1 8 o —tu
=z / / £ dtdu.
22 Jo At
By further substituting tu = v? we get
R 1% 2 [®
—/ / = e dvdu = —/ — % do
2J2 Jo Vu 22 Vu o

*  lnx
3| Int 1: —dx
ntegra / o

1
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Solution: We use the substitution x = e to get
“ Inx <t
/ LI / L
1 x(x=1) o et—1
< et
By
0 ]. —e

(o]

= te™t » e dt

L

= Z/ te~(+1t gy
n=00

where we now substitute u = (n + 1)t to get

0o 0 u » ~ oo 1 0 .
;A CFSIE 1)26 du = HZ:O CFSIE /0 ue " du
2

=(@)T@) = &

® cos(184x
Integral: / % dx
o x2+121
Solution: Consider
© cos(tx)
I(t) = —=dx
® A x?+112
() = © —xsin(tx) .
o Xx24+112
Differentiating under the integral now gives the wrong result due to convergence problems, hence we use

the following transformation:
© —x sin(tx)
I'(t)= —d
® /0 212

* sin(tx) 112
A .
/0 x ( x2+112) *

/ sm(tx)d:/ sm(tx)tdx
0 X 0 tx

/00 sin(u) u
0 u

n

2

Using

it follows that

(o) 2 .
I'(t) = / _WP sty 7
0

x2+112  «x 2
112 cos(tx)
I”(t) = / W dx = 1121(t)
0

Thus the solutions are functions of the form

Clellt + Cge_llt

6
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where
Ci1+Cy=1(0) = oo;dx
R N EETE
-
—Harcanxo
_ T
T 92.11
and

11(Cy — Co) = I'(0) = —g.

and

T
Theref = =
erefore C; =0, Cq 511

Tt
It — 11t
B)=57°

so overall

/m COQS(184.X) dx = 1(184) — £€_2024.
o X2 +112 22

1 x2
Integral:/0 mdx

Solution:
1 2 1
x 1 —2x
———dx = ——x———dx
/0 (1+ x2)2 ,/0 27 (1 + x2)2

__1 1 Lot

27 1+x?, Sy 2142
1 1

= — = + — arctan(x)
4 0

1 N i

48

d 1 —2x

e T x? T 1 +x2)2

2n 1
Integral: dt
@ s /0 9 cos2(t) + 4sin?(t)

Solution: First consider

1
27‘[1':/ —dz
D Z

where D is an ellipse with half-axis lengths of 3 and 2. By parameterization we get

) M _3sin(t) + 2i cos(t
2mi = A 3 cos((t))+ 2i sin(i(f))
_ /2” (=3 sin(t) + 2i cos(t))(3 cos(t) — 2i sin(t))
0 9cos2(t) + 4sin?(t)
'/27T —5cos(t) sin(t) + 61
o 9cos2(t) +4sin?(t)
7

dt




Solution Bonn Integration Bee 2024

By comparing real and imaginary part we obtain

21 1
2n =6 dt
/0 9 cos2(t) + 4sin?(t)

which leads to

/2” 1 T
dt = —.
o 9cos2(t) +4sin?(t) 3
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Finale

1
Integral: /mdx

Solution:

1 1 2022
2024 dx = | — = =53 dx
X +x X X +1

=In(x) — In(x?°% + 1)

& In(x)
2 | Integral: ———dx
0 /x(8—x)

Solution: Substitute x = 8sin?(u) to get the Integral

T T
/ 2 9 1n(8sin®(u)) du = 3nIn(2) — 4 / 2 1n(sin(u)) du
0 0
= 31 1In(2) — 2t In(2)
= 1ln(2)
where we used the fact that
n T n
2 : 2 : _ {2 .
/ In(sin(u)) du + / In(sin(u)) du = / In(sin(u) cos(u)) du
0 0 0
T
/ 2 (Sln(2u)) i
0
1 . T
== / In(sin(t)) dt — = In(2)
2 Jo 2
z
:/Qm@mmm—gmn
0
o oxt-1
3| Int L: _
nhesra /1 e+ D
Solution: The idea is to use —— fo tdt and make substitutions to get the integral into the form of

( )

the betafunction. In the end you can use eulers reflection formula and the result is In(2 + \/3)

1 2024
1+x
Integral: / - dx
_1 1+(x2024)drctanx
Solution:
1 1 + 2024 1 1 4 2024
[1 1+(x2024)arctanx dx = [1 1+(x2024)—arctanx dx

So it follows that

1 1 + 2024 1 1 + 2024 1 1 + x2024
2 2024 \arctan x dx = 2024 \arctan x dx + 2024\~ arctan x dx
11+ (x2024) 1 14 (x2024) 1 14 (x2024)

1
=/ 1 +x2024
-1

2
2025

=2+

1
d therefore the int lis 1+ ——
an erefore the integral is 2095
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© 1
5| Integral: dx
B Jo VR + (20 1 1)

1
Solution: Substitute p and v/x and use Symmetry to get

0 2023 ydo4s
/ ad V¥ dx = 2/
o (T+x)(x2024 +1) (1 4 x2)(x4048 4 1)

x4048 4 1
= dx
o (14 x2)(x4048 + 1)

T
5"

@ Integral (Tiebreaker): /

/ 1/ dx—(x+1)w/erl /2 Y dx
1

a1 /(2\/x+ 2\/_)\/_+\/x+
- G + VET)

x
d
7 dx

Solution:

or alternatively subsitute z = .
x+1

10



